Symp. on Mathematical Theory of Networks and Systems, Leuven, Belgium, July 5-9, 2004

Reliable algorithms for computing minimal dynamic covers for descriptor systems

A. Varga

German Aerospace Center
DLR - Oberpfaffenhofen
Institute of Robotics and Mechatronics
D-82234 Wessling, Germany.
E-mail: Andras.Varga@dlr.de

Abstract

Minimal dimension dynamic covers play an important role in solving the structural synthesis prob-
lems of minimum order functional observers or fault detectors, or in computing minimal order inverses
or minimal degree solutions of rational equations. We propose numerically reliable algorithms to com-
pute two basic types of minimal dimension dynamic covers for a linear system. The proposed ap-
proach is based on a special controllability staircase condensed form of a structured descriptor pair
(A — AE,[By, Bs]), which can be computed using exclusively orthogonal similarity transformations.
Using such a condensed form minimal dimension covers and corresponding feedback/feedforward ma-
trices can be easily computed. The overall algorithm has a low computational complexity and is provably
numerically reliable.

1 Introduction

Our motivation to address the computational aspects of determining minimal dimension dynamic covers
is the following concrete problem encountered in the design of minimal order fault detectors [8]: for a
given linear descriptor system (A — AE, [B1, Ba|, C, [D1, D3]) with invertible F, one wants to compute a
state feedback matrix F' and a feedforward matrix G to achieve the cancellation of a maximum number of
uncontrollable poles of the transfer-function matrix

R(\) = (C + D1F)(A\E — A— B1F) (BG4 By) + (D1G + D) (D

Different instances of this problem for the standard case E' = I appear in solving various structural synthesis
problems, as for example, the design of minimum order functional observers [3], determining minimal order
inverses [1] or computation of minimal degree solutions of rational equations [4]. The proposed solution
procedures reformulate these problems as minimum dynamic cover problems, which can be solved using the
”standard” method of [12] relying on subspace manipulation techniques employed in the geometric theory
of linear systems [11]. This approach has been turned recently into an efficient and numerically reliable
algorithm [9] and can be also employed in the case of a general invertible £ by replacing the matrices F,
A, Byand By by I, E7'A, E~'B; and E~! By, respectively.



From a numerical point of view it is advisable to avoid any matrix inversions in early phases of computa-
tional algorithms, especially if rank decisions follow in a later stage. For our problem the explicit inversion
of an ill-conditioned F can lead to severe loss of accuracy of the computed results. Since rank decisions
are performed later on the transformed data, such an accuracy loss can even lead to a complete failure of
computations. It follows that employing the algorithms of [9] on the transformed matrices is not a satisfac-
tory computational approach to determine minimal dynamic covers in the case of a general E. Therefore,
it is important to develop more general algorithms able to address such computational problems without
inverting F.

In this paper we propose a numerically reliable and computationally efficient approach to compute a
feedback matrix F' and a possibly nonzero feedforward matrix GG to achieve the desired cancellation of
maximum number of uncontrollable poles in (1). We solve the problems of determining both F' and G or
only F' which lead to cancellation of maximum number of uncontrollable poles. Solving these problems in-
volves to compute bases for subspaces representing minimal dimension dynamic covers of Type II and Type
I, respectively (see [3]). The main computational ingredient in these computations is bringing the system
matrices in condensed forms which exhibit the structural information necessary to solve the problem. For
the matrices in the resulting condensed forms the computation of appropriate F' and G is a simple, almost
trivial task. The algorithm to compute the condensed form has two stages: (1) an orthogonal reduction of the
structured descriptor pair (A — AE, [B1, Bs)) to a special controllability staircase form followed by special
row/column block permutations; and (2) a non-orthogonal transformation to zero additionally a minimum
number of elements. The orthogonal reduction part is based on employing techniques similar to that used
in the controllability staircase form algorithms for descriptor systems [5]. This part involves many rank de-
cisions which can be computed by using reliable techniques (e.g., singular values based rank evaluations).
The non-orthogonal part of the reduction does not involve any rank computations and is performed to al-
low an easy computation of appropriate feedback/feedforward matrices. The overall algorithm has a low
computational complexity and is provably numerically reliable.

In the last part we also address shortly the solution of minimum cover problems with stability constraints.
In the case the minimum cover problem with stabilization is solvable, we propose a reliable computational
solution to this problem by exploiting the existing parametric freedom in the cover determination problem.

2 Computation of Type II minimal dynamic covers

The computational problem which we solve is the following: given the descriptor pair (A — AE, B) with
A E € R™"™, B € R™™, and B partitioned as B = [By Bs] with By € R""™, By € R"*"™2,
determine the matrices F' and G such that the pair (A + B1F — AE, B1G + B3) has maximal number of
uncontrollable eigenvalues. This problem is essentially equivalent [4] to compute a subspace ) having least
possible dimension satisfying

(Z—FElF)V C V, span (ElG—I—Pg) cV )

where A = E~'A, By = E~'B;, and By = E~'By. If we denote B; = span B; and By = span B, then
the above condition can be rewritten also as a condition defining a Type /I minimum dynamic cover [2, 3]



of the form o .
AV C V+B

BQ C V+Bl 3

The computation of the minimal dynamic covers relies on the reduction of the descriptor pair (A —
AE, [By, Bs]) to a particular condensed form, for which the solution of the problem is simple. This reduction
is performed in two stages. The first stage is an orthogonal reduction which represents a particular instance
of the descriptor controllability staircase procedure of [5] applied to the descriptor pair (A — \E, [B1, Ba)).
This procedure can be seen as a generalized orthogonal variant of the basis selection approach of [3] and
therefore will be useful to construct both Type II and Type I minimal covers. In the second stage, additional
zero blocks are generated in the reduced matrices using non-orthogonal transformations and by applying
appropriate feedback and feedforward matrices. In what follows we present in detail these two stages.

Stage I: Special Controllability Staircase Algorithm

0. Compute an orthogonal matrix @ such that Q7 E is upper triangular;
compute A — QTA, E — QTE, B; «— Q' By, By — QT By.
Comment. Set Q = I, for a standard system.

LSetj=1,r=0k=20v"=m, vl =my AO = 4, EO = g, B = B, BY = B,
Z=1,.

. . i— _ (G-1)
2. Compute the orthogonal matrix U7 to compress the matrix B? D e R=mx1""" 10 a full row rank

matrix

(4)
T oG- | Ak-1k-3 |
‘ P1
ij—l)
3. Compute U’ Béj Y and partition it in the form
i Aprps | VY
UTB(J 1) = ) 1A
1 D2 X p(lj)
yéj_l)

nfrfz/gj)) Xué‘j_l)

4. Compute the orthogonal matrix Us to compress the matrix X € R/ to a full row rank

matrix

Ap ji—2 Véj)
0
D

Ul'X = l

and compute the orthogonal matrix W such that diag(I, U \U{ E U=DW, is upper triangular.
Comment. Set Wy = Ujdiag(I, Us) in the standard case.



5. Compute diag(I, U] UL AU=DW,, diag(I, UL ) UL EG—D W, and partition them in the form

I o Ap—1p-1 Ak—1e Ap—1k11 Vy)
o gl [0 0 |4
J J ] ]
i
’/ij sz pgj
I o . Er k1 Erar Ero1p1 Vf%)
lO UT]UlTE(J‘l)Wl = 0 El i B k1 vy
2 1) 1) EW péj)
NOREC) )

6. A; Wi = [Ai,kfl Ai',k Az’,kﬂ] and E; . W1 == [Ei,kfl Eip, Ei,kﬂ] ,
9 Vé]) pg) V%J) I/éj) pgj)
fori=1,...,k—2.
7. Q — Qdiag(I,,Un) diag(Ir+V£j),U2), Z — Zdiag(I,, W).
8. 1 —r+v 4+ if pi¥) = 0 then ¢ = j and Exit 1.
9. Ifzéj) + z/éj) =0then{=j— 1, Exit2;else, j «— j+ 1, k — k + 2, and go to Step 2.

At the end of this algorithm A — A\E = QT (A — AE)Z and B = QT B have the following form

~ = A. — AE, * r ~ | Be|r
A=AE = O AE—)\EE]TL—T , B= [O}n—r

r n—r

where the pair (A.— AE,, B.) has Ollly controllable finite eigenvalues, Az — A\ Fz contains the uncontrollable
finite eigenvalues of A — AF, and F is upper triangular. The pair (A., B.) is in the special staircase form

A1 Ao|An Az - Ais At 02 A1 Aioe ]
O Ago|Aa Ay -+ Aoz Agoro  Asop1 Aoy
O O |A31 Az -+ Aza—3  Azpro Az Az
{ B. | A. } = O O |0 Agp - Aoz Ago2 As1  Agw )

O O |0 O - Ay 1203 Axy_120-2 Ar—120-1 Azp—12
. O 0|0 O -- O Agpor—o  Aggor—1 Ao |



(1-1) (7)., (i—1) . .,
where Aoj_19j_3 € IR” ) xuy and Agjoj_o € RV *72 are full row rank matrices for j = 1,..., 7.

The resulting upper triangular matrix E'. has a similar block partitioned form

Eunn Eig -+ B En o
O FEyp -+ Ep Es o0
E.= : P : :
O O - Ey_120-1 Ey_12
o o .- @) Eop 20

Note that in the standard case () = Z and E=1.

To compute a Type II minimal cover, in the second reduction stage we use non-orthogonal upper trian-
gular left and right transformation matrices W = diag (W, I,,_,) and U = diag (U, I,,—, ), respectively,
to annihilate a minimum set of blocks in A, and E.. Assume W, and U, have block structures identical to
FE.. The following procedure performs the second reduction stage by exploiting the full rank of submatrices
Agj_12j—3 and Ey;j 9; to introduce zero matrices in the block row 25 — 1 of A, and block column 2j of E.,
respectively.

Stage II: Special reduction for Type II Covers
SetW =1,U=1.
fork=2¢,/0-1,...,1
Comment. Annihilate blocks Eoj,_1 95, for j =k, k+1,..., L
forj =k k+1,....¢
Compute W2k—1,2j such that WQk_LQ‘jEQj’Qj + Egk_ng =0.
Aop_14  Aop—15 + Wap_195 A2, 1 =25 — 2,25 —1,...,2¢0.
Eor_1i « Eop_1,i +Wop_12;Fj4,1= 25,25 +1,...,2(.
end
if £ > 1 then
Comment. Annihilate blocks Aoy_1 05, forj =k —1,k,... /L.
forj=k—1Fk,.... ¢
Compute Usy,_3 9, such that Aoy_1 op—3Us;—325 + Agp—1.25 = 0.
Ajoj — Ajoj+ Ajop—3Usp_3925,1=1,2,...,2k—1.
Eioj « Ei2j + Ejop_3Us_325,1=1,2,...,2k = 3.
end
end if

end

At the end of Stage II, the upper triangular matrices W and U contain the accumulated non-orthogonal
transformations performed in the reduction. Let A:=WAU,E :=WEU, and B = [31 Bg] := WB be



the system matrices resulted at the end of Stage II. Define also the feedback matrix F e Rm*n partitioned

column-wise compatibly with E

F=[OF, - Fy_50 Fy O]

where Fb; are such that Ay _1Fy;+Aq 95 = 0forj = 1,

With these matrices, we achieved that

..., L. Choose also G’ such that A1 _1G+ A1 = 0.

[A1-1 O [An O -+ Aygp3 O Ajgq O]
O Ago|Aa1t Aga -+ Agoieg Asora Asge1 Agy
O O 431 O -+ Azpe3 O Az O
By B1G + Bs|A + Elﬁ} =| O O |0 Ay Ayor3 Aszo Ao Age
O 0|0 O -Aya203 O Aya21 O
L O 0|0 O @ Aogor—2 Azpor—1 Adpop ]
[ E.n O E13 21,2271 0 ]
O FEz FEa Eoor1 Eagoe
_ 0] O FEsj E300_1 O
E= . . .
O O O Ey_ 19201 O
O O O 0 Eop o0 |
where the elements without bars have not been modified in Stage II.
Consider now the permutation matrix defined by
0 Iw| O 0O o 0| 0
2
0 00 I 0O 00
L)
0O OO0 0 O Tw| O
2
PPf—|To OO0 O 0 O] 0
L4
O 0 |la O 0O 0] 0
1
0O OO0 0 Tw O] O
6]
0 o0 0 o0 o 0 |5, |

If we defineV = ZUP, L = PTWQT and F = fvfl, then overall we achieved that

A — \Ey

*

*

L(A+ BiF — \E)V = 0

A2 — )\EQ

L(B;G+ By) =

* ’

0

@)

B
0
Az — \Ez @)

®)

(6)

(7



where

Az | Ag2 — AEa EQA —AEa24 e EQ,% - )\Eme
s 5 ) Ayo Ags — AE44 . Ay — AEy 9
| BilA-am =] : . . ;

O O ) Aspor—2 Azpoe — NEar o

A1 | Aig— NE1 El,:s —AE3 e 51,%—1 - )\El,%—l

y . O Az A3z — AE33 . A3z o0p1 — AE120-1

Ay — A\Ep = ) . . )
@ @ O Ase—190-3 Aop—120-1 — NBar—1,90-1

In the standard case we take W = U~ to ensure W EU = I. The resulting Aand B satisty (5).
It follows by inspection that the pair (A; — AF1, By) is controllable. Thus, by the above choice of F' and
G, we made Zle I/Y) of eigenvalues of the pair (A + B1F — AE, BoG + By ) uncontrollable, additionally

to the n — r uncontrollable original eigenvalues. The first n, = le yéi) columns of V; satisfy

AVy = ViE{YA - BiFVy, BoG=ViE7'B, - B,

and thus, according to (3), span a Type II dynamic cover of dimension 7. for the pair (A,[B1 Bz]). The
following result can be shown using the results of [3]:

Theorem 1 The Type Il dynamic cover V = span V1 has minimum dimension.

3 Computation of Type I minimal dynamic covers

The computational problem which we solve in this section is the following: given the descriptor pair (4 —
AE,B) with A,E € R™", B € R™"™, and B partitioned as B = [B; By| with By € R"*™,
By € R™ ™2, determine the matrix F' such that the pair (A + BoF' — \E, By) has maximal number of
uncontrollable eigenvalues. This problem is essentially equivalent [12] to compute a subspace ) having
least possible dimension satisfying

(A+ByF)Y CV, spanB; CV (8)

This condition can be rewritten also as a condition defining a Type I minimum dynamic cover [2, 3] of the

form _ _
AV C V+ By

Bl c YV

To compute Type I covers, we perform first the Stage I orthogonal reduction on the pair (A—\E, [B1, Bs]),
as done in the previous section. However, at Stage II the non-orthogonal reduction annihilates a different
set of blocks in A, and F.. The following procedure performs the second reduction stage by exploiting the
full rank of submatrices Aaj ;2 and Eo;_1 2j_1 to introduce zero matrices in the block row 2j of A, and
block column 25 — 1 of E, respectively.

€



Stage II: Special reduction for Type I Covers
Set W =1,U = 1.
fork=¢,0-1,...,2
Comment. Annihilate blocks Aoy 051, for j =k, k+1,... /.
forj =k k+1,....¢
Compute Usy_2,2;—1 such that Aoy o _oUsk 2251 + Az 2j—1 = 0.
Aigj1  Aigj—1+ Aipr—2Usk—292j-1,0=1,2,...,2k .
Eioj 1+ Ei2j_1+ Ejop2Usk_29j-1,1=1,2,...,2k — 2.
end

Comment. Annihilate blocks Foy_o0;_1,forj =k, k+1,... /.

for j =k, k+1,....¢
Compute Wap_2 251 such that Way_22; 1E2j 1925 1+ Eop_22j-1 =0.
Aop9i — Aojoi + Wop_09j 1425 1,1 =27 —2,2j —1,...,20.
Eop—2; + FEop_9; +Wor_29j 1F2j_1;,1=25,2j+1,...,2(.

end

end
Let A:= WAU, E :== WEU, and B = [El Eg] := W B be the system matrices resulted at the end of
Stage II. Define also the feedback matrix F' € R™2*" partitioned column-wise compatibly with E

F:[FlOFg OFnglo O]

where ngfl are such that szongfl + A272j,1 =0forj=1,...,¢
Consider now the permutation matrix defined by

[ Iao O 0] O |---| O (@] (@]
1
0] O |Ie O |- O (@] (@)
"
O 0 O o |- Iy([) 0] O
1
PT = O Ian| O O |---| O (@) (@)
Va
0] (@] O Io|-| O 0] (@]
2
0] (@] @) O || O Iw| O
L
.| O (@) 0] O |---| O O | I, |
If we define V = ZUP, L = PTWQ" and F = FV 1, then overall we achieved that
/11 - )\El * * él
L(A+ BoF — AE)V = O Ay — AEs * , LBi1=1| O (10)
0] 0] Az — AFgz @)




where

Ay _1]|A11 = AE1s 21,3 —ME3 gl,%—l - AE1,2£—1
oo . O Az A33— AE33 . A3zo0—1 — AE120-1
| Bl A aB ] = ; . . ;
@ @) @) Aoo_120-3 Ase—120-1 — ANE2y_120-1
Asp | A2g — AEa2 EQA —AE24 e 52,22 - )\Ez,%
y y O Ay Aga— AEy4 - Ag20 — Ay 20
Ay — Ay = ) ) . . )
O @) ) Aspor—o Aspor — NEa a0

It follows by inspection that the pair (/ull - )\El, B’l) is controllable. Thus, by the above choice of F’,

we made Zle yéi) of eigenvalues of the pair (A + BoF' — AE, By ) uncontrollable, additionally to the n —r

(4)

uncontrollable original eigenvalues. The first n. = Y>¢_, ;" columns of V; satisfy

AV, = VE['A, - BoFVy, By =ViE{'B

and thus span a dynamic cover Type I of dimension n.. for the pair (A, [ B Ba]). The following result can
be shown using the results of [3]:

Theorem 2 The Type I dynamic cover V = span V| has minimum dimension.

4 Numerical aspects

The key reduction of system matrices to the special controllability form can be performed by using exclu-
sively orthogonal similarity transformations. It can be shown that the computed condensed matrices A E,
and B are exact for matrices which are nearby to the original matrices A, E, and B, respectively. Thus this
part of the reduction is numerically backward stable. In implementing the algorithm, the row compressions
are usually performed using rank revealing QR-factorizations with column pivoting. To make rank determi-
nations even more reliable, QR-decompositions and singular value decompositions can be combined.

To achieve an O(n3) computational complexity in Stage I reduction, it is essential to perform the row
compressions simultaneously with maintaining the upper triangular shape of F during reductions. The basic
computational technique, described in details in [5], consists in employing elementary Givens transforma-
tions from left to introduce zero elements in the rows of B, while applying from right appropriate Givens
transformations to annihilate the generated nonzero subdiagonal elements in E. By performing the rank re-
vealing QR-decomposition in this way (involving also column permutations), we can show that the overall
worst-case computational complexity of the special staircase algorithm is O(n?). In fact, when m < n, then
the maximum number of required floating-point operations (flops) is essentially the same as that required to
compute the generalized Hessenberg form of the pair (A, E), by accumulating only the left transformation
Z. This amounts to about 13/2n3 flops. Note that for solving the problem (1), the accumulation of Z is not
even necessary, since all right transformations can be directly applied to C.



The computations at Stage II to determine a basis for the minimal dynamic cover and the computation
of feadback/feedforward matrices involve the solution of many, generally overdetermined, linear equations.
For the computation of the basis for V), we can estimate the condition numbers of the overall transformation

10000) then practically there is no danger for a significant loss of accuracy due to nonorthogonal reduction.
Note that it is very important to compute these condition numbers, since large values of them provide a clear
hint of possible accuracy losses. In practice, it suffices to look at the largest magnitudes of elements of W
and U used at Stage II to obtain equivalent information. For the computation of the feedback/feedforward
matrices, condition numbers for solving the underlying equations can be also easily estimated. For the
Stage II reduction, a simple operation count is possible by assuming all blocks 1 x 1 and this indicates a
computational complexity of O(n?).

5 Minimum covers with stabilization

In some applications it is important to achieve simultaneously that the resulting feedback is stabilizing. For
a Type II cover, this amounts to determine ', G and V such that the resulting Ay — AE has all eigenvalues
in an appropriate stability domain C~. This goal can not always be achieved, but it is always possible to
move a maximum number of eigenvalues in this domain. To show how this is possible, consider the pair
(PT(A — \E)P, PTB), where A, E, and B are the resulting matrices at the end of Stage II and P is the
permutation matrix (6). The matrices of the above pair have the form

O By

~ By, B
PR — 21 D22
O O

O O

A —AEn A Az — B x
Aoy Ay — AEpy  Agz — AEgs | *

O A32 A33 — )\E33 *

0 0 o A

PT(A-\E)P =

where the pair (An — )\EH, Elg) is controllable, and Egl and has full row rank. Note that the Stage
II special reduction achieves basically to zero the blocks A31 and E12, while the feedback matrix F' and
feedforward matrix GG achieve additionally to zero Ay and By, respectively, by exploiting the full rank
property of Boy.

Consider the transformation matrices

0
Ty =

QIO <X ~

I
)
@)

QIO = ~
OO ~0C
A~ QO
~O O O

10



partitioned in accordance with the structure of PTAP. It follows that

o By
~ Byy B

T7oPTH — 21 Do

Y O O

@) 0]
A+ %HX - )\Ey Ay B Az — AE13 | *
g g Z — )\(E X + YFE ) ZQ2 - )\E22 Zgg — )\Egg *

Ty PT(A — AE)PT = ~22 u — s =

P JPTx A3z X Aszp Az — A3z | *
0 0 0 |4

where we denoted with bars the changed quantities. If we choose X such that A3 X = 0, and determine Y
such that Fy X +Y Ey; = 0, then we can preserve the structure of the original pair (P”(A—\E)P, PTB).
Thus, defining V as V = ZUPTYx, and L = T3 yPTWQT, we can compute the feedback and feedforward
matrices [’ and GG exactly as before.

With T'x and Ty chosen as above, the resulting ;11 — AEl is An + /~112X — )\En and we can try to
exploit this parametric freedom to move the eigenvalues of this pencil to stable locations. The following
straightforward computations are necessary for this purpose:

1. Compute X v with orthonormal columns such that span X j; is the right nullspace of Ass.

2. Compute F to place a maximum number of eigenvalues of ﬁn + ﬁng NF - /\E‘H into the stability
domainC™.

3. Define X = XyFandY = —EpnXE L

All steps of this algorithms can be performed using numerically reliable computations. The computation
of X is straightforward, since ﬁgg is part of a staircase form. Thus, no further rank determination is
necessary and X results from an RQ-like decomposition of Asy which exploits the full row rank of its
leading nonzero rows. To determine F, the most appropriate method is to apply a partial pole assignment
technique like that of [6]. This approach can easily accommodate with non-stabilizable pairs, by moving
only the controllable unstable generalized eigenvalues of the pair (17111, E‘H) into C™. If the pair (;111 —
)\En,ﬁuX N) is stabilizable then this algorithm can assign all unstable eigenvalues to arbitrary stable
locations using minimum norm local feedbacks. In this way, the norm of X is minimized as well and thus
also the condition number of the transformation matrix Tx and implicitly that of 7y-. A similar approach
can be devised for determining Type I minimal covers with stabilization.

A specific aspect of determining minimal dynamic covers is the non-uniqueness of the resulting so-
lution triple (F,G,V'). This non-uniqueness manifests at several points of the proposed approach and
can have negative or positive influence on the stabilizability properties determined by the triple (/Ll —

AE11, Ara, 1132). For example, selecting differently at Stage I the linearly independent columns in B 9 -

and Béj 1 or computing differently the blocks of U at Stage II when solving the underdetermined linear
systems can lead to different minimal covers and different stabilizability properties. For numerical im-
plementations, we recommend those solutions which ensure the best numerical properties of the proposed
approach (e.g., selecting independent columns using column pivoting or determining least-norm solutions
of all underdetermined linear systems).

11



6 Conclusions

We proposed efficient algorithms to compute two types of minimal dynamic covers, which have many
important applications in various structural synthesis problems of linear systems. The proposed algorithms
rely on the extensive use of orthogonal transformations. The use of non-orthogonal transformations at the
final step of the reduction process allows to also obtain a precise estimation of possible accuracy losses
induced by the overall reduction. Thus the proposed algorithm, although not numerically stable, can be
considered numerically reliable. An interesting open problem is how to determine F' and G to ensure the
maximum number of uncontrollable poles cancellation in the case when F is singular. This problem is
relevant to computing least McMillan degree solutions of linear rational equations [10]. A solution of this
problem in a particular setting has been provided in [10].

The Stage I algorithm has been implemented in Fortran 77 and can be used via a mex-file interface
from MATLAB. Furthermore, the Stage II of the proposed approach has been implemented in MATLAB
and underlies the implementation of methods to compute least order left or right inverses and least order
solutions of linear rational equations [10]. All this software is part of the DESCRIPTOR SYSTEMS Toolbox
for MATLAB developed by the author [7].
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