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Abstract

It was suggested in the literature that the self-diffusion coefficient of simple fluids can be approximated
asaratio of the squared thermal velocity of the atoms to the ‘fluid Einstein frequency,” which can thus
serve as a rough estimate of the friction (momentum transfer) rate in the dense fluid phase. In this
article we test this suggestion using a single-component Yukawa fluid as a reference system. The
available simulation data on self-diffusion in Yukawa fluids, complemented with new data for Yukawa
melts (Yukawa fluids near the freezing phase transition), are carefully analyzed. It is shown that
although not exact, this earlier suggestion nevertheless provides a very sensible way of normalization
of the self-diffusion constant. Additionally, we demonstrate that certain quantitative properties of
self-diffusion in Yukawa melts are also shared by systems like one-component plasma and liquid
metals at freezing, providing support to an emerging dynamical freezing indicator for simple soft
matter systems. The obtained results are also briefly discussed in the context of the theory of
momentum transfer in complex (dusty) plasmas.

1. Introduction

De Gennes in his seminal paper on liquid dynamics and inelastic scattering of neutrons [1] related the self-
diffusion coefficient in classical atomic liquids to liquid structure, measured in terms of the radial distribution
function (RDF) g(r), and the potential of inter-atomic interactions ¢(r). The relation he put forward is

2
T v
2 Qg
where v = /T /m is the thermal velocity, T'is the temperature, m is the atomic mass, and the characteristic
frequency () is defined as
%G == [ drg) 200, @
3m Jo

where nis the liquid number density. This characteristic frequency is called the Einstein frequency, because it
represents the oscillation frequency of a single particle in the fixed environment of surrounding particles,
characterized by a given RDF [2]. de Gennes also pointed out that since the interaction potential was very poorly
known for liquids with measured self-diffusion coefficients, a direct comparison was not possible at that

time [1].

The very same characteristic frequency (2 was also earlier identified as the friction rate £ in liquids by
Kirkwood, Buff, and Green [3] and by Collins and Raffel [4] and thus related to the self-diffusion coefficient by
means of the Einstein relation, £ D ~ T/m. This obviously leads to equation (1) to within the accuracy of a
prefactor of order unity.

These early results from the transport theory of liquids are not expected to be exact, but they nevertheless
suggest a sensible way of normalization of the self-diffusion constant,
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DE = D(QE/V%), (3)

which may be expected to provide a slowly varying quantity in a wide parameter regime. The usefulness of this
normalization can be easily tested using present day computational capabilities. In this article we demonstrate
this by a detailed investigation of the behavior of Dg in one-component Yukawa fluids. Yukawa fluids are
particularly suitable for such a test because the Einstein frequency g is trivially related to an important
thermodynamics property, excess internal energy, which is relatively well known in a wide parameter regime. In
addition, results related to transport properties of single component Yukawa systems are available in the
literature and can be used for extensive tests of earlier predictions.

In view of existing previous works on transport in Yukawa systems, which also considered self-diffusion in
Yukawa fluids, it is important to carefully formulate the motivation for presenting still another article on this
topic. Our main purpose here can be divided into the following four objectives: (i) to test quantitatively de
Gennes’s prediction of equation (1); (ii) to present new detailed data for the self-diffusion of Yukawa melts; (iii)
compare the results for Yukawa melts with available data on diffusion in liquid metals at the melting
temperature; and (iv) provide simple explanation on the observed quantitative similarity, which is likely to work
for other related systems. To the best of our knowledge, these issues have not been addressed in previous studies.

The article is organized as follows. In section 2, we provide basic information on the physics of single
component Yukawa systems. In section 3, we outline the procedure of numerical simulations performed in this
work. In section 4 we summarize our main results and discuss their implications. This is followed by our
conclusion in section 5.

2. Formulation

Yukawa systems are characterized by the pairwise repulsive interaction potential between charged point-like
particles of the form

o(r) = (Q*/r)exp(—r/N), (C))

where Qs the particle charge, A is the screening length, and r is the distance between two particles. The screening
normally comes from the redistribution of electrical charges (electrons and ions) in a plasma surrounding the
particle. Fixed neutralizing background corresponds to the absence of screening and the pure Coulomb
interaction potential, the limit known as the one-component plasma (OCP) model. Yukawa potential is
considered as a reasonable starting point to model interactions in three-dimensional isotropic complex (dusty)
plasmas and colloidal dispersions [5-8], although it is also well recognized that considerable deviations can
occur, especially at long interparticle separations [9-16].

The phase state of Yukawa systems is conventionally described by the two dimensionless parameters [17],
which are the coupling parameter I' = Q2/aT, and the screening parameter x = a/\, where a = (4mn/3)"'/3
is the Wigner-Seitz radius. The screening parameter « determines the softness of the interparticle interaction. It
can be varied from the very soft long-ranged Coulomb interaction at & = 0 to the hard-sphere interaction limit
at & — 00. In the context of complex plasmas and colloidal suspensions low- and moderate- regime is of
particular interest and this regime will be addressed below.

Yukawa systems are conventionally called ‘strongly coupled’ when the coupling parameter I is large, that is
when the potential interaction energy stored in the system dominates over the kinetic (thermal) energy. In this
case the so-called Yukawa fluid regime is realized. When I" increases further (i.e. temperature decreases),
Yukawa fluids can crystallize into the body-centered-cubic (bcc) or face-centered-cubic (fcc) lattice (bec lattice is
thermodynamically favorable at weak screening). The critical coupling values at which the fluid-solid phase
transition occurs are usually denoted I',,,, where the subscript ‘m’ refers to melting. This critical coupling
strongly depends on the strength of screening. Accurate values I, (k) have been tabulated [17, 18] and fitted by
simple expressions [19-21]. If Yukawa fluid is quickly cooled down to even lower temperatures, a Yukawa glass
may form. The glass-transition line appears to be almost parallel to the melting line in the extended region of the
phase diagram [22, 23].

For the Yukawa potential the Einstein frequency is trivially related to the internal excess energy, which is
relatively well known analytically. This relation is the consequence of the identity A¢ () = ¢(r) /X and can be
expressed as [24, 25]

2

2

2 2K 2 2K 2

Qp = ST Wplhex = 37 Vi Uexs
a

where w, = /47Q%n/m is the plasma frequency and u., is the ecxess energy per particle in units of temperature.
Very accurate analytical expressions for the quantity e (x, [) are available in the literature [26-29]. Particularly
simple practical expressions are based on the Rosenfeld—Tarazona scaling [30, 31], which states that for a wide

2
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class of soft repulsive potentials the thermal component of the internal energy exhibits a quasi-universal scaling
on approaching the fluid-solid phase transition. The expression for u., used in this work is that from [26].

Self-diffusion in one-component Yukawa fluids has been extensively studied using molecular dynamics
(MD) simulations by several authors. In particular, Ohta and Hamaguchi tabulated the values of the reduced
quantity D/a’wg in awide range of x and T corresponding to the fluid regime [32]. The characteristic Einstein
frequency wg, corresponds to an ideal crystalline lattice and is thus different from that used in this paper
(equation (2)). Daligault investigated the diffusion properties of one-component plasmas and binary ionic
mixtures from the weakly to the strongly coupled regimes [33]. He then presented a practical interpolation
formula for the self-diffusion coefficient in Yukawa one-component plasmas valid for a wide range of inverse
screening lengths and over the entire fluid region [34]. This practical formula operates with the reduced quantity
D /a’w,. Rosenfeld used one more normalization Dy = Dn'/?/vr to demonstrate that Dy (and also similarly
reduced shear viscosity) exhibits quasi-universal behavior as a function of reduced excess entropy for various
simple model systems [35], including Yukawa fluids [31]. The usefulness of the ‘fluid Einstein frequency’ {2 to
normalize self-diffusion data was not explored previously.

3. Methods

In this paper we use the data for the self-diffusion coefficient in Yukawa fluids tabulated by Ohta and Hamaguchi
in a wide range of x and I" values corresponding to the fluid state [32]. In addition, we have performed
complementary molecular dynamics (MD) simulations for Yukawa fluids at the melting temperature (Yukawa
melts). The melting temperatures or, equivalently, coupling parameters I',,, are those tabulated for different « in
[17]. Our MD simulations were performed on graphics processing unit (NVIDIA GeForce GTX 960) using the
HOOMD-blue software [36—-38]. We used N = 50653 particles interacting according to the pairwise potential
(4) and placed in a cubic box with periodic boundary conditions. There was no need to introduce hard cores
since the potential is repulsive and diverges at short distances. Atlong distances the potential was cut off at
Leut = 14. 5. The numerical time step was setto At = 5 x 1073\/ma’/Q?. Simulations were performed in the
canonical ensemble (NVT) with the Langevin thermostat at a temperature corresponding to the desired target
coupling parameter I'. The dissipation rate used was small enough to ensure that the system dynamics is not
affected by dissipation (i.e. we are dealing with the Newtonian dynamics limit, opposite to the over-damped
Brownian limit) [20, 39, 40]. Equilibrium of the system was first achieved by running the simulation for at least
two million time steps (depending on the value of x we also used longer equilibration runs). Then, the particle
positions and velocities were saved for 300 (2g ! with a resolution of (1/20) Q5 ' to get sufficient statistics.

From MD simulation with Yukawa melts the following information was collected: We calculated the RDF g
(r) and the normalized velocity autocorrelation function (VAF)

v(t)v(0))

(
Z(t) = R 5
= "o ©

as well as the mean squared displacement (MSD), MSD(¢) = (Ar?(t)). Here v(t) is the velocity of a given
particleatatimet, Ar = r(¢#) — r(0) is its displacement from the initial position, and (---) denotes an average
over all particles. The time-dependent diffusion coefficients can be evaluated employing either MSD:

D(t) = MSD(t) /6t,0or VAF: D(t) = v} fot Z(t")dt' (Green-Kubo relation). These definitions are not
equivalent, butin the limit t — oo they should approach one single value, the conventional self-diffusion
constant D.

4, Results and discussion

The reduced diffusion coefficient, Dg, as a function of the reduced coupling parameter I' /T, = T,,,/T'is shown
in figure 1. The data points for Yukawa and OCP fluids are taken from [32] and [41], respectively. The data
points for Yukawa melts (I" = I'},,) are those obtained in the present MD simulation. The following main trends
can be summarized as follows.

First, we observe that the data points for the dependence of Dg on I'/T', are grouping around a single
universal curve. No systematic dependence on « (that is on the interaction potential softness) is observed. This
should be expected in view of the isomorph theory of systems with hidden scale invariance [42, 43]. Isomorphs
are curves along which certain structural and dynamical properties are approximately invariant in properly
reduced units. The melting line is itself an isomorph and thus the lines with the fixed ratios I'/T",, are
approximate isomorphs, too. Application of the isomorph theory to Yukawa systems has been recently discussed
in detail [44].
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Figure 1. Reduced self-diffusion coefficient of Yukawa fluids, expressed in units of v# /), as a function of the relative coupling
strength I'/T",,,. The data points for k > OandI" < I, are from [32]. The data points for x = 0 (OCP limit) are from [41]. The data
points for Yukawa melts (I' = T',,)) are obtained in this work. The dotted line marks the scaling Dy o (I}, /T") in the vicinity of the
fluid-solid phase transition. Three regime of self-diffusion can be identified, see the text for details.

Second, we see that the quantity Dy decreases from ~3 to ~0.6 upon increase in coupling from 0.01 I';;, to
I, This should be compared with almost three orders of magnitude variation of the quantities D/wga® and
D /wya?,[32, 34] and thirty times variation in Dy, in a similar range of I" [31]. Thus, we observe a rather weak
dependence of Dy on the relative coupling strength I' /I',,,. This suggests a very rough estimate for the strongly
coupled fluid regime,

D~ V%/QE, (6)

which is accurate to within a factor of two in an extended region of the phase diagram.

Third, more careful examination of the data plotted in figure 1 identifies three regimes of self-diffusion. In
the weakly coupled regime, I" < 0.03 Iy, the diffusion coefficient slowly decreases with coupling. This is the
regime where the binary collision approximation for a gaseous-like phase should be appropriate (we did not test
this quantitatively, however). Then we observe a plateau-like behavior in a wide regime of coupling strength
0.03T,, < I' £ 0.3, corresponding to the fluid phase, where the reduced diffusion constant is almost
constant, Dg ~ 2. Finally, on approaching the fluid-solid phase transition the reduced diffusion constant
roughly scales as Dy o< (I}, /T") and reaches the value of approximately Dg ~ 0.6 at freezing (I" = I').

In figures 2 and 3 we show the results related to Yukawa melts obtained in this work. In figure 2 time-
dependent diffusion coefficients calculated either via MSD (a) or Green-Kubo relation (b) are plotted. The
diffusion coefficients are reduced according to the Rosenfeld prescription, Dr = Dn'/?/vr. Itis observed that
they tend to Dy ~ 0.03 as t — 0o, similar to several other model systems near the fluid-solid phase transition
studied recently (Hertzian, Gaussian-core, and inverse-power-law interactions) [39]. The convergence is
somewhat better when using Green-Kubo formula (see figure 2(b)). Interestingly, the time-dependent self-
diffusion coefficient evaluated at a time point at which the VAF crosses zero (at this point D(¢) reaches its first
maximum) is roughly twice the actual diffusion constant. Figure 3 shows essentially the same information as
figure 2(b), but with a different normalization, Dy, from equation (3). In this case the self-diffusion coefficients
approach Dg ~ 0.6 as t — co. Somewhat more scattering in Dg values is observed compared to Dy (compare
figures 2(b) and 3). The oscillations in time-dependent diffusion coefficients are related to the oscillations in the
velocity autocorrelation function, which are characteristic for the caged short-time dynamics of particles in the
fluid state.

The values of differently normalized self-diffusion constants at freezing can be related using the following
simple empirical consideration. Near the melting point of a crystalline lattice, an average deviation of particles
from their lattice sites is roughly related to the temperature via

1 3
—mQg(6r%) ~ =T. 7
sz<r> > (7)

The Einstein frequencies of a dense fluid near freezing and of a crystalline solid near melting (at the melting
temperature) are close. According to the Lindemann melting rule we expect at melting (6r%) ~ L*A?, where
L ~ 0.1is the Lindemann parameter and A = n~'/? is the mean interparticle separation. Using this to estimate

the Einstein frequency at the melting temperature we obtain

4
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Figure 2. Time-dependent reduced self-diffusion coefficient versus the reduced time #{2 for Yukawa melts characterized by four
different k-values: & = 1 (blue), k = 2 (green), k = 3 (gold), and k = 4 (red). In (a) the diffusion coefficient is determined from
D(t) = MSD(t) /6t, the inset shows reduced MSDs as functions of the reduced time in log-log scale. In (b) the diffusion coefficient is

determined from D(t) = v# fo 'z (t")dt’, the inset shows the corresponding velocity autocorrelation functions, Z(¢). In both cases

the diffusion coefficient is expressed using the Rosenfeld normalization, Dg = Dn'/3/vy.
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Figure 3. Time-dependent reduced self-diffusion coefficient Dg(t) versus the reduced time #Q2g for Yukawa melts characterized by four
different x-values. The color notation is the same as in figure 2. The diffusion coefficient is determined from the Green-Kubo relation
(i.e. using VAF) and is normalized as Dy = D (Q/ vA).

2
D~ 062 ~ %L, A ~ 0.03vpm 175, (8)

% V3
This is exactly what we have observed for Yukawa melts. Since Yukawa interaction has not been assumed in this
consideration, neither explicitly, nor implicitly it would make sense to test whether the derived relations above
can operate in real systems as well. We have estimated the values of the reduced self-diffusion coefficient of some
liquid metals at the freezing point using the data summarized by March and Tosi [45] (see table 5.2 of their
book). These results are shown in table 1. Except the two extreme cases of Cu (Dg ~ 0.040) and Zn
(Dr =~ 0.027) all the other data are scattered in a rather narrow range (Dg ~ 0.032 % 0.03). Moreover, using a
more recent value for the self-diffusion in Cumelt (3.27 x 10~ cm”s ™" according to [46]) we obtain
Dy =~ 0.033, which also belongs to the specified range. Similar relationships for the reduced coefficient of self-
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Table 1. Reduced diffusion constants Dy of ten liquid metals at the corresponding melting points as calculated
from the data summarized in [45].

Li Na K Rb Cu Ag Pb Zn In Hg

0.029 0.033 0.032 0.034 0.040 0.031 0.035 0.027 0.032 0.034

diffusion in liquid metals at the melting temperature were proposed in [47, 48] on the basis of quite different
arguments. In case of extremely soft Coulomb interaction, corresponding to the OCP limit, the self-diffusion
coefficient at the fluid-solid phase transition is Dy ~ 0.031. This value has been obtained using the fitting
formula by Daligault [34], adopting I',;, = 172 at the fluid-solid phase transition [17]. The hard-sphere result for
the self-diffusion near freezing is somewhat smaller Dy ~ 0.02 [49], possibly signaling the crossover between
soft sphere and hard sphere regimes of collective motion and transport [50]. All this implies that certain
tendencies identified in this work are unlikely specific to the Yukawa interaction potential, but can be applicable
to other model and real systems, provided the interactions are soft enough.

To conclude the discussion, we point out one more potential application of the obtained results. The
discovered dependence of Dy, on relative coupling strength, combined with the elementary expression for the
diffusion coefficient D = T /m¢, allows us to estimate the characteristic momentum transfer frequency in
Yukawa fluids,

€ = O /D.

We get in the simplest rough approximation £ ~ g, improvements can be made by making use of the data
plotted in figure 1. This can be relevant for the momentum transfer frequency in particle-particle collisions in
complex (dusty) plasmas. Previously, a unified theory of momentum transfer in complex plasmas has been
developed using the binary collision approach, assuming the interaction potential between charged species of
the Yukawa type [51-54]. This is normally adequate for electron-particle and ion-particle collisions, but the
binary collision approximation for particle-particle collisions can only be relevant for extremely rarefied particle
clouds with weak electrostatic coupling between them. The results presented in this article suggest a useful
method to evaluate momentum transfer rates beyond the weak coupling regime.

5. Conclusion

To summarize, we have tested de Gennes approximation for the self-diffusion coefficient in simple fluids
(equation (1)) using the data for self-diffusion in one-component Yukawa systems. Equation (1) is shown to be
inexact, but nevertheless useful. It turns out to be accurate to within a factor of two in the entire strongly coupled
fluid regime.

From the simulations of Yukawa melts we have observed that the properly normalized self-diffusion
coefficient is approximately constant. The value Dr >~ 0.03 is consistent with the values reported for other
simple model systems at freezing, such as Hertzian, Gaussian-core, and inverse-power-law fluids [39]. Itis also
consistent with the self-diffusion coefficient measured in liquid metals at the melting temperature, giving strong
support to the emerging dynamic freezing criterion for simple atomistic systems. This can potentially
complement the well-known empirical dynamic freezing criterion for over-damped colloidal fluids [55]. Simple
explanation for the observed universality of the self-diffusion coefficient has been suggested.

Finally, it has been pointed out that the obtained results can be of some use in estimating the momentum
transfer rates in particle-particle collisions in complex (dusty) plasmas. The existing approaches have been often
limited to the binary collision approximation, only appropriate for the weakly coupled gaseous regime. The
observed trends in self-diffusion can be useful in estimating momentum transfer rates in the strongly coupled
fluid regime. The reported results can also be of some use in the context of self-diffusion in strongly coupled
plasmas, experimental measurements of which have been recently reported [56].

Acknowledgments

This work was supported by the A"MIDEX project (Nr ANR-11-IDEX-0001-02) funded by the French
Government ‘Investissements d’Avenir’ program managed by the French National Research Agency (ANR).
Structure and dynamical data analysis was supported by the Russian Science Foundation, Project RSF 14-50-
00124. We thank Roman Kompaneets for reading the manuscript and suggesting improvements.

6



10P Publishing

J. Phys. Commun. 2 (2018) 045013 SKhrapak et al

ORCIDiDs

Sergey Khrapak © https://orcid.org/0000-0002-3393-6767
Lenaic Couedel @ https://orcid.org/0000-0003-0749-9273

References

[1] GennesP D 1959 Physica 25 825
[2] Hansen ] P and McDonald IR 2006 Theory of Simple Liquids (London Burlington, MA: Elsevier Academic Press)
[3] Kirkwood] G, Buff F P and Green M S 1949 J. Chem. Phys. 17 988
[4] Collins F Cand Raffel H 1958 J. Chem. Phys. 29 699
[5] FortovV E, Khrapak A G, Khrapak S A, Molotkov V Iand Petrov O F 2004 Phys.-Usp. 47 447
[6] FortovV E,Ivlev A, Khrapak S, Khrapak A and Morfill G 2005 Phys. Rep. 421 1
[7] Ivlev A, Lowen H, Morfill G and Royall C P 2012 Complex Plasmas and Colloidal Dispersions: Particle-Resolved Studies of Classical Liquids
and Solids (Singapore: World Scientific)
[8] KlumovB A 2010 Phys.-Usp. 53 1053
[9] TsytovichV 1997 Phys.-Usp. 40 53
[10] Khrapak S A, Ivlev A V and Morfill G 2001 Phys. Rev. E 64 046403
[11] de Angelis U2006 Phys. Plasmas 13 012514
[12] Khrapak S A, Klumov B A and Morfill G E 2008 Phys. Rev. Lett. 100 225003
[13] KhrapakSand Morfill G 2009 Contrib. Plasma Phys. 49 148
[14] ChaudhuriM, Ivlev AV, Khrapak S A, Thomas HM and Morfill G E 2011 Soft Matter 7 1287
[15] Lampe M and Joyce G 2015 Phys. Plasmas 22 023704
[16] Khrapak S A, Klumov B A and Thomas HM 2017 Phys. Plasmas 24 023702
[17] Hamaguchi§S, Farouki R T and Dubin D H E 1997 Phys. Rev. E 56 4671
[18] Hamaguchi$, Farouki R T and Dubin D H E 1996 J. Chem. Phys. 105 7641
[19] Vaulina O Sand Khrapak S A 2000 JETP 90 287
[20] Vaulina O, Khrapak S and Morfill G 2002 Phys. Rev. E 66 016404
[21] Khrapak S A and Morfill G E 2009 Phys. Rev. Lett. 103 255003
[22] Sciortino F, Mossa S, Zaccarelli E and Tartaglia P 2004 Phys. Rev. Lett. 93 055701
[23] YazdiA, Ivlev A, Khrapak S, Thomas H, Morfill G E, Loewen H, Wysocki A and Sperl M 2014 Phys. Rev. E89 063105
[24] Robbins M O, Kremer K and Grest G S 1988 J. Chem. Phys. 88 3286
[25] Khrapak S A, Khrapak A G, Ivlev AV and Thomas HM 2014 Phys. Plasmas 21 123705
[26] Khrapak S A and Thomas HM 2015 Phys. Rev. E91 023108
[27] KhrapakS A 2015 Plasma Phys. Control. Fusion 58 014022
[28] Tolias P, Ratynskaia S and de Angelis U 2015 Phys. Plasmas 22 083703
[29] Khrapak$S A, Kryuchkov N P, Yurchenko S O and Thomas H M 2015 J. Chem. Phys. 142 194903
[30] Rosenfeld Y and Tarazona P 1998 Mol. Phys. 95 141
[31] Rosenfeld Y 2000 Phys. Rev. E 62 7524
[32] OhtaH and Hamaguchi S 2000 Phys. Plasmas 7 4506
[33] Daligault] 2012 Phys. Rev. Lett. 108 225004
[34] Daligault] 2012 Phys. Rev. E 86 047401
[35] RosenfeldY 1977 Phys. Rev. A 152545
[36] Anderson]J A, Lorenz CD and Travesset A 2008 J. Comput. Phys. 227 5342
[37] Glaser J, Nguyen T D, Anderson J A, Liu P, Spiga F, Millan ] A, Morse D C and Glotzer S C 2015 Comput. Phys. Communications 192 97
[38] HOOMD-blue is a general purpose particle simulation toolkit optimized for performance on NVIDIA GPUs. (Accessed http://
glotzerlab.engin.umich.edu/hoomd-blue/)
[39] Pond M J, Errington J R and Truskett T M 2011 Soft Matter 7 9859
[40] Khrapak S, Vaulina O and Morfill G 2012 Phys. Plasmas 19 034503
[41] Hansen ] P, McDonald I R and Pollock EL 1975 Phys. Rev. A 11 1025
[42] GnanN, Schroder T B, Pedersen U R, Bailey N P and Dyre ] C 2009 J. Chem. Phys. 131 234504
[43] Dyre] C2014]. Phys. Chem. B 118 10007
[44] Veldhorst A A, Schroder T B and Dyre ] C 2015 Phys. Plasmas 22 073705
[45] March N H and Tosi M P 2002 Introduction to Liquid State Physics (Singapore: World Scientific Pub Co Inc)
[46] Meyer A 2015 EP] Web of Conferences 83 01002
[47] Ascarelli P and Paskin A 1968 Phys. Rev. 165 222
[48] March N H 1984 J. Chem. Phys. 80 5345
[49] Heyes DM, Cass M ], Powles ] G and Evans W A B 2007 J. Phys. Chem. B 111 1455
[50] Khrapak S, Klumov B and Couedel L2017 Sci. Rep. 7 7985
[51] Khrapak S A, Ivlev AV and Morfill G E 2004 Phys. Rev. E 70 056405
[52] Morfill GE, Khrapak S A, Ivlev A V, Klumov B A, Rubin-Zuzic M and Thomas H M 2004 Phys. Scr. T107 59
[53] KhrapakS A, Ivlev AV and Morfill G E 2005 New Vistas in Dusty Plasmas American Institute of Physics Conference Series 799 (Orleans,
France, 13-17 June 2005) ed L Boufendi, M Mikikian and P K Shukla 283-6
[54] Huba] 2016 NRL Plasma Formulary (Washington: Naval Research Laboratory)
[55] Lowen H, Palberg T and Simon R 1993 Phys. Rev. Lett. 70 1557
[56] Strickler T, Langin T, McQuillen P, Daligault ] and Killian T 2016 Phys. Rev. X 6 021021



https://orcid.org/0000-0002-3393-6767
https://orcid.org/0000-0002-3393-6767
https://orcid.org/0000-0002-3393-6767
https://orcid.org/0000-0002-3393-6767
https://orcid.org/0000-0003-0749-9273
https://orcid.org/0000-0003-0749-9273
https://orcid.org/0000-0003-0749-9273
https://orcid.org/0000-0003-0749-9273
https://doi.org/10.1016/0031-8914(59)90006-0
https://doi.org/10.1063/1.1747099
https://doi.org/10.1063/1.1744578
https://doi.org/10.1070/PU2004v047n05ABEH001689
https://doi.org/10.1016/j.physrep.2005.08.007
https://doi.org/10.3367/UFNe.0180.201010e.1095
https://doi.org/10.1070/PU1997v040n01ABEH000201
https://doi.org/10.1103/PhysRevE.64.046403
https://doi.org/10.1063/1.2163817
https://doi.org/10.1103/PhysRevLett.100.225003
https://doi.org/10.1002/ctpp.200910018
https://doi.org/10.1039/C0SM00813C
https://doi.org/10.1063/1.4907649
https://doi.org/10.1063/1.4976124
https://doi.org/10.1103/PhysRevE.56.4671
https://doi.org/10.1063/1.472802
https://doi.org/10.1134/1.559102
https://doi.org/10.1103/PhysRevE.66.016404
https://doi.org/10.1103/PhysRevLett.103.255003
https://doi.org/10.1103/PhysRevLett.93.055701
https://doi.org/10.1103/PhysRevE.89.063105
https://doi.org/10.1063/1.453924
https://doi.org/10.1063/1.4904309
https://doi.org/10.1103/PhysRevE.91.023108
https://doi.org/10.1088/0741-3335/58/1/014022
https://doi.org/10.1063/1.4928113
https://doi.org/10.1063/1.4921223
https://doi.org/10.1080/00268979809483145
https://doi.org/10.1103/PhysRevE.62.7524
https://doi.org/10.1063/1.1316084
https://doi.org/10.1103/PhysRevLett.108.225004
https://doi.org/10.1103/PhysRevE.86.047401
https://doi.org/10.1103/PhysRevA.15.2545
https://doi.org/10.1016/j.jcp.2008.01.047
https://doi.org/10.1016/j.cpc.2015.02.028
http://glotzerlab.engin.umich.edu/hoomd-blue/
http://glotzerlab.engin.umich.edu/hoomd-blue/
https://doi.org/10.1039/c1sm06493b
https://doi.org/10.1063/1.3691960
https://doi.org/10.1103/PhysRevA.11.1025
https://doi.org/10.1063/1.3265957
https://doi.org/10.1021/jp501852b
https://doi.org/10.1063/1.4926822
https://doi.org/10.1051/epjconf/20158301002
https://doi.org/10.1103/PhysRev.165.222
https://doi.org/10.1063/1.446570
https://doi.org/10.1021/jp067373s
https://doi.org/10.1038/s41598-017-08429-5
https://doi.org/10.1103/PhysRevE.70.056405
https://doi.org/10.1238/Physica.Topical.107a00059
https://doi.org/10.1103/PhysRevLett.70.1557

	1. Introduction
	2. Formulation
	3. Methods
	4. Results and discussion
	5. Conclusion
	Acknowledgments
	References



