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Abstract A functional model for a bundle block adjustment in the inertial ref-
erence frame was developed, implemented and tested. This approach enables the
determination of rotation parameters of planetary bodies on the basis of pho-
togrammetric observations. Tests with a self-consistent synthetic data set showed
that the implementation converges reliably towards the expected values of the in-
troduced unknown parameters of the adjustment, e.g. spin pole orientation, and
that it can cope with typical observational errors in the data. We applied the
model to a data set of Phobos using images from the Mars Express and the Viking
mission. With Phobos being in a locked rotation we computed a forced libration
amplitude of 1.14◦ ± 0.03◦ together with a control point network of 685 points.
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1 Introduction

With the beginning of space travel there has been an ever increasing interest in
exploring our Solar System. Most of the launched spacecraft carry imaging devices,
and using photogrammetric stereo techniques the surface of the observed body can
be reconstructed. During a first visit and mission phase to a Solar System body,
efforts of geodesists will focus on the realization of reference systems. This is
commonly done by establishing a control point network that requires images to
be taken under specific geometric conditions (Preusker et al, 2015). Additionally,
the relation between the observing sensor on the spacecraft and the body-fixed
reference frame needs to be known and mathematically formulated. This includes
the relative position between the observed body and the camera, as well as the
relative orientation of the two reference frames to each other.

While a good estimate of the body’s rotational elements can be made from
Earth observations (e.g. Gehrels, 1967; Pravec et al, 2002), smaller variations in
the rotational period and the precise orientation of the body’s rotation axis, require
higher resolution data like image observations from spacecraft. Rotational motion
may be complex as planets are exposed to various interactions with other planetary
bodies. Empirical techniques have been applied to derive rotational parameters in
the past (Willner et al, 2010; Giese et al, 2011; Tajeddine et al, 2014; Oberst et al,
2014; Thomas et al, 2016). Here a plausible parameter spectrum was scanned and
results of the photogrammetric stereo analysis were interpreted to determine the
best fitting parameter set. In the frame of the NEAR mission, Owen et al (2001)
used a method to obtain spin pole coordinates of Eros within a Least-Squares
solution, which has been improved throughout the years and was also applied to
data obtained by the DAWN mission targeting Vesta and Ceres (Mastrodemos
et al, 2001). The multi-stage approach is based on an a priori given shape model,
the construction of landmarks on the one hand and the use of Deep Space Network
tracking data on the other hand; it uses repeated iteration sequences and e.g. allows
to obtain rotation parameters as part of a global gravity solution (Konopliv et al,
2014).

In this study a mathematical framework for a photogrammetric bundle block
adjustment is developed, which is formulated in the inertial reference frame and
that allows to directly solve the collinearity equations for rotational parameters of
the observed body. The term bundle block refers to bundles of viewing rays, formed
by the lines which connect image point measurements through the focal point of
a camera with the corresponding surface point. Since surface points are observed
multiple times from different camera locations, a block of those bundles results
and the intersections allow to determine the 3D coordinates of each surface point
within certain error margins. The existing, classical, mathematical framework of
the bundle block adjustment is described in Sec. 3 and the new improved method is
detailed in Sec. 4. The novelty of this approach is that several rotation parameters
of a planetary body can be estimated simultaneously, next to all common variables,
within one bundle block adjustment. This avoids the repeated computation of
adjustment results during the scanning of parameter spaces, which is especially
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computational expensive when dealing with larger data sets. The implemented
software was tested with a synthetic data set and proved to be robust (Sec. 5).
Control point network observations for Phobos were applied to test the software
with real observation data including all realistic random errors (Sec. 6). This data
set appears to be especially suited as test data set, since the rotation parameters
of Phobos have been studied extensively in the past (Duxbury, 1989; Oberst et al,
2014; Rambaux et al, 2012; Willner, 2009; Willner et al, 2010) and are known
within well determined error margins.

2 Rotational Elements of Planetary Bodies

The rotational parameters of a planetary body describe the time-dependent orien-
tation of the body-fixed rotating reference frame relative to the inertial reference
frame. Rotational models of planetary bodies vary from body to body. While the
spin periods of the planets are more or less random (with the notable exception
of Mercury; Peale and Gold, 1965; Colombo, 1965), we find a direct and stable
spin-orbit coupling for most small satellites in the Solar System.

Deviations from the uniform rotational state are induced by different pertur-
bations leading to e.g. the forced libration, a superimposed oscillation in the mean
rotational period of a body. The forced libration has been confirmed for a few
moons in the Solar System (Duxbury, 1989; Tiscareno et al, 2009; Tajeddine et al,
2014). It depends on the satellite’s moments of inertia, and subsequently on the
lower order gravity coefficients (e.g. Borderies and Yoder, 1990; Williams et al,
2014), and is caused by the gravitational torque that a primary body exerts on
its satellite. For small irregular bodies such as Phobos, the forced libration can
be separated, under linear approximations, into longitudinal libration and latitu-
dinal libration. The longitudinal libration results in an east-west oscillation of the
body’s surface about the principle spin axis Z. The forced libration in latitude
corresponds to north-south oscillations of the surface.

Rambaux et al (2012) derived the librational spectrum from a frequency analy-
sis of the Phobos ephemerides. The study supports our assumption that the effect
of the forced libration in latitude is too small to be detected by the available ob-
servational data for Phobos. However the spatial resolution of the data and the
time span covered by the Viking and Mars Express missions are sufficient to ob-
serve the predicted single forced libration in longitude as well as the precession
movement. The time-independent amplitudes of these librations are rotational pa-
rameters that can be determined by an inertial frame bundle block adjustment
(cf. Sec. 5 and 6).

2.1 General rotation model for planetary bodies

Mathematically the rotational elements are time-depending angular functions α,
δ, W which are defined with respect to the reference epoch J2000.0 (1st January
2000, 12:00 TDB). The orientation of the spin axis at a certain time is given by
the celestial coordinates (α, δ) with respect to the ICRF. Here δ is the declination
over the fundamental plane and α its right ascension. The orientation of the prime
meridian is specified by W according to the conventions of Archinal et al (2011),
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i.e. the angle between the node at 90◦+α and the prime, measured along the body
equator (cf. Fig 1 of Archinal et al, 2011).

Equations (1) show a generalized rotational model of a planetary body that
undergoes a precession motion and experiences a forced libration in longitude (cf.
Archinal et al, 2011). In the following t denotes the number of days past the epoch
J2000.0 and T equals t/36525, the interval in Julian centuries.

α(t) = α0 + α1(T ) + pα sinB1(t)
δ(t) = δ0 + δ1(T ) + pδ cosB1(t)
W (t) = W0 + W1(t) + pW sinB1(t) + θf

(1)

In the used notation α(0), δ(0) denote the spin axis orientation at J2000.0, whereas
α0, δ0 are the spherical coordinates of the mean spin axis vector w.r.t. the refer-
ence epoch . The functions α1, δ1 usually model long-term precessions of several
thousand years which can not be covered by image data, but they can also contain
more librational frequencies or completely vanish. The equations above contain a
libration of the spin axis about the mean rotation axis, modeled by the function
B1(t) and its preceding amplitude factors. This motion describes a cone in the iner-
tial frame similar to a precession cone and is further on referred to as (short-time)
precession. By convention of Archinal et al (2011), the letter B depends on the
planetary system considered and is typically the first letter of the primary body.
W1 always contains the mean rotation period of the body and may as well include
further terms (e.g. secular acceleration). Eq. 1 is integrated in the functional model
of the method proposed by this paper (cf. Sec. 4), different implementations of the
equation yield different rotational models.

2.2 Current rotation model for Phobos

It was recently pointed out, that with respect to the current ephemerides MAR097
(Jacobson and Lainey, 2014) the rotation models of the Martian moons, as stated
in Archinal et al (2011), are not in agreement with the original orbit-depending
definition (Duxbury, 2017). To model the 1:1 synchronous orbit, the prime merid-
ian was forced to point towards the center of Mars whenever the satellite passes its
pericenter or apocenter (Duxbury, 1989). Furthermore, the spin axis is assumed to
be perpendicular to the orbit plane (in agreement with the IAU conventions, Archi-
nal et al, 2011). Therefore, the rotation model depends on the used ephemerides
and should be consistent with these, especially if an image analysis involves a
fixed rotation model. Jacobson (2017) and Stark et al (2017) obtained resonant
rotation models of Phobos as well as for Deimos with respect to MAR097. Both
models are almost identical in their expressions. For instance, they both show a
difference of −1.4◦ in the prime meridian orientation compared to the IAU model
as of September 2017. Fig. 1 shows the new rotation model by Stark et al (2017).
The corresponding forced libration angle is

θf = a1 sin(M5) + a2 sin(M6) + a3 sin(M7)

where a1, a2, a3 are the forcing amplitudes that depend on the principle moments
of inertia. The most dominating factor here is a1 which is known to be negative, the
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other amplitudes decrease in orders of the excentricity ε = 0.0151 (cf. Borderies
and Yoder, 1990). Hence, the forced libration in longitude can be expressed as

θf = −pλ sin(189.6327156+41215158.1842005T+12.71192322T 2) , (2)

with pλ > 0 and in agreement with the rotation model by Stark et al (2017) (cf.
Fig. 1). Note, that the W0 term needs to be corrected by

W0 = 35.1877444◦ + pλ sin(189.6327156◦) (3)

to achieve consistency with the prime meridian orientation at J2000.0 .
For this study we used the rotation parameters provided by Stark et al (2017)

as well as – for reasons of comparison – the previous IAU model (Archinal et al,
2011).

Fig. 1 Resonant rotation model of Phobos by Stark et al (2017), d are days passed since
J2000.0 and T = d/36525. The functions M5, M6 and M7 specify the frequencies of the
forced libration given as a1 sin(M5) +a2 sin(M6)+a3 sin(M7) with a1, a2, a3 being the forcing
amplitudes that depend on the principle moments of inertia.

3 Classical Functional Model

A control point network is computed in the body-fixed frame. Therefor, exterior
and interior orientation parameters of the camera are needed as input. The inte-
rior orientation parameters – focal length, principle point coordinates and image
distortion – are usually calibrated during dedicated pre-flight and in-flight cam-
paigns (Oberst et al, 2008), they remained fix within this study. In the common
approach, the exterior orientation data of the camera – position and pointing data
– are required with respect to the body-fixed reference frame. These parameters,
usually available as predicted or reconstructed data with respect to the inertial
reference frame, are provided by the space operation centers (e.g. ESOC) and are
converted into the body-fixed frame for the application of the bundle block adjust-
ment. This transformation involves a model of the body’s state (the ephemerides)
and orientation with respect to the inertial space (cf. Eq. 1).

Equation (4) shows the relation between camera coordinates (x, y,−f)C of the
observed image points (where f is the focal length of the camera), the camera
position (X0, Y0, Z0)B , and object point coordinates (X,Y, Z)B upon which the
classical bundle block adjustment is based. The subscript B denotes that these
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values are expressed in the body-fixed coordinate frame and C refers to the camera
reference frame (Albertz and Wiggenhagen, 2009):XY

Z


B

= mRCB

 x
y
−f


C

+

X0

Y0
Z0


B

. (4)

The matrixRCB is a rotation matrix and transforms the observed vector (x, y,−f)C
from the camera coordinate frame into the body-fixed frame. It is related to the
time stamp of the image which contains the observation, and hence varies over a
sequence of images. All vectors are given in meters here. The factor m is a real
number which scales the transformed vector depending on the distance to the sur-
face point. Depending on the actual definition of the camera reference system, the
observed image point coordinates might need to be transformed in order to satisfy
Eq. (4).

4 Adapted Functional Model

The introduced matrix RCB is derived by subsequently orienting the camera frame
first with respect to the inertial frame and then with respect to the body-fixed
frame. This is accomplished by applying first the exterior information for the
camera and then the orientation model for the body that is observed, and can be
denoted as

RCB = RB ·RTC . (5)

RTC solely depends on the attitude information of the camera at image time and
represents the camera frame to inertial frame transformation. RB provides the
rotation from the inertial frame to the body-fixed frame at this time (probably
corrected for light-time travel). The matrix is build by three subsequent rotations
about the rotational elements α, δ and W (cf. Archinal et al, 2011):

RB = R3(W )R1(
π

2
− δ)R3(

π

2
+ α) , (6)

where R1 and R3 are given by

R1(θ) =

 1 0 0
0 cos(θ) sin(θ)
0 − sin(θ) cos(θ)

 , R3(θ) =

 cos(θ) sin(θ) 0
− sin(θ) cos(θ) 0

0 0 1


and denote the rotation about the X and Z axes of the transforming coordinate
frame, respectively. The elements of RB are linear combinations of trigonometric
functions whose arguments are the rotational elements. Substituting RCB in Eq.
(4) with Eq. (5), leads to the following equation:XY

Z


B

= mRBR
T
C

 x
y
−f


C

+RB

X0

Y0
Z0


ICRF

. (7)

The subscript ICRF denotes that the camera position vector is expressed with
respect to the ICRF. Hence, the coordinates themselves are no longer linked with
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the orientation of the observed body. Furthermore Eq. (7) can be solved for the
body’s rotation parameters as these are now accessible via the entries of RB .
The parametric least squares adjustment, that is applied here, requires a repre-
sentation of the observations – the image coordinates x, y – as function of the
unknown parameters. Equation (7) can be re-arranged to isolate the observations
on the left hand side of the equation. x

y
−f


C

=
1

m
RC

RTB
XY
Z


B

−

X0

Y0
Z0


ICRF

 .

The right hand side of the equation is now substituted with the vector (X ′, Y ′, Z′).
Since f is the constant focal length of the camera, from this equation the known
form of the collinearity equations can be obtained

x = −f X
′

Z′
, y = −f Y

′

Z′
. (8)

Now X ′, Y ′ and Z′ directly depend on the rotational elements of the body and
the partial derivatives over these can be derived. The vector X ′, Y ′, Z′ further
depends on the other unknown parameters that are the body-fixed coordinates
of the control points as well as the exterior orientation of the camera. The lat-
ter parameters are also included as observations to constrain the datum of the
entire framework. Note, that m has been canceled out by deviding X ′/Z′ rsp.
Y ′/Z′, which reduces the number of unknown parameters for each image by one.
More detailed information about the functional model, e.g. the computation of the
partial derivatives are given in (Burmeister, 2017, chap. 3).

5 Data Simulation and Model Testing

To test and evaluate the implemented method a synthetic data set was created.
An existing control point network (CPN) of Phobos (Willner et al, 2010) and the
related body-fixed position and attitude data of the camera were used to calculate
image coordinates, based on Eq. (8). The CPN consists of 679 points that were
observed 5 times on average while observations were distributed across 73 images.
Viking image observations were obtained during a continuous block of 10 days in
Feb. 1977 whereas Mars Express data covers the time between 2004 and 2007.
By applying the rotational model of Phobos as stated in Archinal et al (2011),
a self-consistent synthetic data set with inertial camera positions and pointing
angles with respect to the ICRF was derived. Here, the pointing angles have been
obtained from the matrix RTC after re-arranging Eq. (5).

The meanwhile outdated model included a precession ellipse (in ICRF coor-
dinates) where the parameters pα = 1.79, pδ = 1.08, pW = 1.42 satisfied the
following functional dependence

pδ = pα cos(δ0) , pW = pα sin(δ0) , (9)

which is used in the adjustment to only solve for one of the three parameters. This
relation typically holds for the precession and nutation triples in Archinal et al
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(2011), but it is no longer valid for the most recent rotation models for Phobos
and Deimos (cf. Sec. 6).

To identify possible weak points of the software and functional model of the
least squares adjustment, tests based on the synthetic data set were performed by
varying initial values for different parameters at a time. It was then tested if the
solution for these parameters was converging towards the correct predicted value.

In a first step, different starting values were used for the parameters pλ, pα,
α0, δ0, deviating from the ones used to derive the synthetic data set, but all other
involved parameters were not afflicted with errors. The adjusted values for the
rotational parameters show very small reconstruction errors, confirming that the
implemented approach is suitable to solve directly for the rotational parameters.
In Table 1 , eight scenarios are summarized: three examples for pλ (Case 1), two
examples for a joint determination of pλ, pα (Case 2) and three scenarios for the
mean pole axis orientation α0, δ0 (Case 3). The maximal reconstruction error is
in the order of 0.00054◦ and related to the polar precession amplitude. It would
induce a surface displacement of only a few centimeters. All other scenarios led to
reconstruction of the varied parameters within ±0.0003◦. The error of the libration
amplitude was two to four times smaller than the errors of rotation parameters
related to the pole axis orientation.

Table 1 Different adjustment cases for the simulation with falsified rotational parameters as
start values for the adjustment. Position and attitude values were not afflicted with errors. Case
1 and 3 were tested with three different error magnitudes for the forced libration amplitude
pλ rsp. the mean pole axis orientation (α0, δ0), case 2 was tested with two different error
magnitudes for the precession cone parameter pα together with pλ; ε = 10−4 degree.

Case Par. Added Errors Max. Error Test
1. 2. 3. after Adj. Scenarios

Case 1 pλ −4.2◦ +0.8◦ +1.8◦ < 1.2 ε 3

Case 2 pα −1.8◦ −0.8◦ – < 5.4 ε
2

pλ +0.8◦ +0.9◦ – < 1.0 ε

Case 3 α0 −0.9◦ −2.7◦ −17◦ < 2.4 ε
3

δ0 −1.0◦ +2.1◦ −13◦ < 3.0 ε

To design more realistic test scenarios, individually defined errors were added
to the pointing and/or position information of the camera in a second step. The
errors with a given upper limit resulted from a combination of pseudo-random
uniform distribution and human random choice, and were than assigned manually
and in random order (by human choice again) to each camera orientation. Different
test classes were prepared. In one class only the camera pointing information
were afflicted with errors ranging up to ±0.9◦, and in another class only camera
position information were varied with random numbers within the limits of ±1200
m (see Table 2 for individual settings). A third test class combines pointing and
positional errors of the camera in different pairs of magnitudes. This way 15 data
sets of falsified a priori orientation parameters were created in total. The maximal
errors have been chosen higher than typical errors of modern tracking and orbit
determination methods let expect, especially high enough to clearly exceed the
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error margins of the orientation data we will use in Sec. 6 where we apply the
adjustment to real observational data.

Table 2 Different test classes for the simulation containing the camera orientation data with
different errors on position and pointing data

Class Pointing-Errors Positions-Errors Data Sets

Class 1 ±0.05◦, ±0.5◦, ±0.9◦ none 3

Class 2 none ±15m, ±300m, ±1200m 3

Class 3 ±0.05◦, ±0.5◦, ±0.9◦ ±15m, ±300m, ±1200m 9

To complete the test scenario, the rotational parameters were varied as be-
fore (see Table 1), and the eight adjustments were repeated for all 15 data sets
with different stochastic models. In all performed adjustments all of the classical
unknown parameters, related to position/pointing of the camera and the control
point coordinates, were estimated together – no matter if they were afflicted with
errors or not. Assuming a very high accuracy in the stochastic model for some of
the parameters results in negligibly small changes of the initial values. The ap-
plied stochastic models were using the real magnitude of the added errors and,
in some cases, higher errors in additional test runs. The adjustments do not con-
verge exactly towards the simulated values, the remaining difference is called the
reconstruction error below. It was largest when the orientation data of class 3 was
used which combines errors of ±1200 m in the camera position and ±0.9◦ in the
camera pointing. We will call this the case of the largest errors below. The results
of the more than 100 test runs can be summoned as follows:

– The topography, i.e. the 3D coordinates of the control points, could be recon-
structed within the pixel resolution of the images in all of the test runs. The
difference to the predefined coordinates was ∅ 17.5 m (max. 37 m) in the case
with the largest errors. In all other cases the CPN’s reconstruction error ranges
between 0.05 m and 8 m in average.

– The forced libration amplitude could be reconstructed within two to six it-
erations up to an accuracy level between ±0.0002◦ and ±0.0026◦ depending
on the magnitude of the errors of the different parameters. In the case of the
largest errors, the mean pole axis orientation shows remaining errors of −0.01◦

for α0 and −0.022◦ for δ0 .
– When the positions were not afflicted with errors, the pointing data could be

reconstructed within less than ±0.002◦. In test cases with combined errors, the
maximal reconstruction error was about ±0.01◦.

– The coordinates of the control points could successfully be reconstructed de-
spite the remaining errors on the camera positions. The positions were not
reconstructed to their exact value. Instead the incorrect camera positioning
was compensated by larger corrections on the camera pointing. This can be
expected as the camera pointing has a much stronger influence on the coordi-
nates of the control points due to the large distance to the object.
Given the accuracy of the rotational parameters, we conclude that the position
errors are fully compensated by the pointing corrections. The only possible ex-
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ception is test case 3 scenario 3 with the largest errors on the orientation data,
since here the reconstruction accuracy decreases to 0.022◦ for δ0. But it is
more likely that the large pointing error of ±0.9◦ is responsible for the larger
deviation and should therefore mark the upper limit of acceptable pointing
errors.

The tests with the synthetic data set showed that the algorithm is functional and
that for data sets with errors in the order of ±300 meters in position and ±0.5
degrees in orientation a very accurate reconstruction (below ±0.003◦) of rotational
parameters was achieved. The mean error of control point coordinates stayed well
below the pixel resolution of the images. Applied to the camera orientation data of
±1200 m and ±0.9◦, the control point coordinates and forced libration amplitude
could still be reconstructed to a satisfactory level. However, the solution for pole
axis orientation was only accruracte to ±0.022◦. It was demonstrated that the
initial values for the rotational parameters may be rather inaccurate in comparison
to the final solution. Offsets in the pole axis orientation of 17◦ in right ascension
and 13◦ in declination as well as a 4◦ difference in the forced libration amplitude
were reconstructed successfully.

In all test cases with the synthetic data set the image point observations were
not afflicted with errors. This is considered less critical as during the adjustment
outliers, such as wrong point measurements, are removed and remaining measure-
ment errors are estimated to be in the order of ± 1 pixel. Propagating such an
error of ± 17 m per observation (cf. Table 3) only to the forced libration ampli-
tude would result in an additional error for the forced libration of ± 0.05 degrees.
But since errors are compensated by several variables within the adjustment, the
influence of the measurement error is much smaller – w.r.t. this data set not more
than 0.013◦. This is not an absolut quantity since the error propagation depends
on the spacecraft distance (hence the pixel resolution) and is as well proportional
to the size of the target body.

6 Rotational Parameters and a Control Point Solution for Phobos

After testing the implemented approach with a synthetic data set that provides
the full control of the parameters, a real scenario was considered. Existing control
point observations for Phobos were used and a solution for the longitudinal forced
libration was estimated. The image point observations are essentially the same
as Willner et al (2010) used for their study (cf. Sec. 6.2). For the adjustment,
the Phobos-centered camera vectors (cf. Eq 7) were obtained using the MAR097
ephemerides (Jacobson and Lainey, 2014) and the Mars Express orbit provided
by ESOC while the new rotational model by Stark et al (2017) was applied to
describe the orientation of Phobos w.r.t. the inertial reference frame. Additional
adjustments using previous ephemerides MAR080 (Jacobson, 2008) and the ro-
tation model from Archinal et al (2011) were performed in order to show the
dependency of the result to the chosen orbit and body rotation model.
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6.1 Observations

Image points were observed in images obtained by the NASA Viking Orbiter 1
(VO1) mission, operating from June 1976 and August 1980, and ESA’s Mars
Express (MEX) mission. The data set includes observations in 19 VO1 images.
The majority of the VO1 images was taken during the early encounter phase at
an average distance of 460 km, and two of the images are captured in late 1977 at
1840 km and 3100 km distance. The Viking Imaging System (VIS) consisted of two
identical cameras, VIS A and VIS B. One image of VIS B and 18 images of VIS A
were used for image point observations. The positioning and attitude information
of the Viking orbiters is known to be defective. Zeitler and Oberst (1999) report,
that the efforts in improving the positional information of the Viking orbiters by
Konopliv and Sjogren (1995) led to orbits which are accurate to a few hundred
meters. The pointing was reported to be accurate within ±0.5◦.

Two and a half decades later, on 25th December 2003, MEX entered into a
highly elliptic polar Mars orbit reaching beyond the orbit of Phobos at its apoapsis
(Jaumann et al, 2007; Witasse et al, 2014). While MEX continues to operate, the
Super Resolution Channel (SRC) of the High Resolution Stereo Camera on-board
the Mars Express spacecraft is used to observe Phobos on a regular basis from
distances of less than 5000 km. Willner et al (2010) selected 53 frame images
of the SRC to observe image point coordinates, taken at an average distance
of 1887 km with respect to Phobos’ center of mass. Pischel and Zegers (2009)
estimate the uncertainty of MEX positions provided by ESOC to be in the order
of ± 200 m on average and an uncertainty for the spacecraft pointing in the order
of ± 0.01 degrees (covering data until 31. Dec. 2006). Pasewaldt et al (2015) who
analyzed SRC images up to July 2011 confirm the pointing errors and state the
MEX position uncertainties with ± 224 m. Rosenblatt et al (2008) obtained MEX
orbits at the Royal Observatory of Belgium with accuracies of 20-25 m on average
(sometimes up to 300 m) using data of the period 2004-2006. The latter orbits are
not considered in this study since the period does not cover the whole time span
of the images used here. Table 3 provides a summary of the observational data.

Table 3 The nominal ground distance (km), assuming a radius of 11 km, and the resulting
ground resolution (m) of Viking and MEX images. The average resolution of all 72 images
together is 17 m.

Viking (VIS) MEX (SRC)

Pixel Size 0.01176 mm 0.009 mm
Focal Length 474.610 mm 984.76 mma

Positional Accuracy ± 1 km ±224 m
Pointing Accuracy ±0.5◦ ±0.01◦

Average Distance 674 km 1877 km
Average Resolution 16.68 m 17.12 m
Number of Images 19 53

Time Span Feb 1977 May 2004 - Aug 2007

a In flight calibrated (Duxbury et al, 2011)
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The observations comprise 8010 image point measurements of 689 control
points, distributed over the 19 Viking Orbiter and 53 Mars Express images.
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Fig. 2 The forced libration in longitude (FL) through one orbit of Phobos. The plot shows
the function −1.143 sin(189.63271560 + 41215158.1842005T + 12.71192322T 2). The circles
indicate Phobos’ mean anomaly at the times of image observations. Between 90 degrees and
270 degrees there is an almost homogeneous distribution of observation points.

6.2 Adjustment Results

The 3D coordinates of the control points in the body fixed frame are unknown
parameters in all cases. Selected parameters of the rotation model (cf. Table 5)
were introduced as unknown parameters whereas all remaining rotation parameters
were kept fix in the adjustment. The parameter set of observations comprises the
image point coordinates (in terms of fixed observations) as well as the position and
attitude information of the camera (as observed unknowns). It is assumed that the
internal camera geometries are well known and are thus introduced as a constant
parameter set (Oberst et al, 2008; Duxbury et al, 2011; Klaasen et al, 1977). The
used camera orientation parameters rely on the Mars Express orbit and attitude
data provided by ESOC and are available as SPICE kernel data (Acton, 1996).
Table 4 shows all involved kernels.

We note that the center of figure was not explicitly observed and introduced as a
control point during this analysis. Hence, the resulting 3D-coordinates are initially
not tied to the center of figure of Phobos. Instead the control point reduction relies
on the computed position of Phobos from the orbit prediction model.

The accuracies for the different observations, defining their weight in the ad-
justment, were chosen according to the current best knowledge (cf. Table 3).
The initial observations of the exterior camera orientation parameters have been
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Table 4 SPICE kernels used to obtain camera orientation

Type Kernel Application

Position de421.bsp Planetary ephemerides
mex all.bspa MEX s/c position
MAR097.BSP Martian moon ephemerides
vo1 rcon.bsp VO s/c position

Orientation mex all.bcb MEX s/c orientation
vo1 sedr ck2.bc VO s/c orientation

Instrument MEX HRSC V04.TI HRSC camera parameter
vo1 visa v20.ti VO1 camera A parameter
vo1 visb v20.ti VO1 camera B parameter

Frame MEX V11.TF MEX frame definitions
vo1 v10.tf VO1 frame definitions

Time NAIF0010.TLS Leap-seconds (for time conversion)
MEX 130305 STEP.TSC MEX spacecraft clock correction terms
vo1 fict.tsc VO1 spacecraft clock correction terms

a contains all predicted and reconstructed ephemerides for MEX (updated monthly)
b summarizes all predicted pointing information for MEX

Table 5 Adjustment results for the forced libration amplitude pλ depending on the used
ephemeris and a priori rotation model. Based on the initial values (p0) the adjustment con-
verged to the adjusted values (padj.) with their associated error σ, ∆p = p0 − padj . Case 5 is
a joint adjustment where the mean pole axis vector (α0,δ0) is estimated, too.

Ephemerides Rot. Model Adj. p0 padj ∆p σ

MAR097
Stark et al 1) pλ 1.2◦ 1.143◦ +0.057◦ ±0.0253◦

(2017) 2) pλ 0.0◦ 1.143◦ +1.143◦ ±0.0251◦

MAR080
Stark et al 3) pλ 1.2◦ 1.031◦ +0.169◦ ±0.0241◦

(2017) 4) pλ 0◦ 1.028◦ +1.028◦ ±0.0239◦

MAR097
IAU pλ 0.78◦ 1.133◦ +0.353◦ ±0.0256◦

(Archinal et al, 5) α0 317.68◦ 317.655◦ −0.025◦ ±0.0253◦

2011) δ0 52.9◦ 52.885◦ −0.015◦ ±0.0192◦

weighted by applying a simple (diagonal) stochastic model according to the accu-
racies provided in Table 3. The accuracy of the observed image point coordinates
was set to one pixel which relates to an uncertainty of 0.009 mm for points observed
in SRC images and 0.01176 mm for points observed in VO1 images.

Two adjustments models are distinguished depending on the selected rotation
parameters. At first, only the forced libration amplitude pλ was introduced as
unknown rotation parameter. As stated in Sec. 2, the expression for the prime
meridian orientation W in the model of Stark et al (2017) does not yet include the
forced libration angle. Since the forced libration amplitude is expected to be in
the order of 1 degree, its effect is much stronger than changes in the other rotation
parameters, which are assumed to be accurate to ±0.01◦ w.r.t. J2000.0 (Archinal
et al, 2011). With different initial values (1.2◦, 0◦) the solution converged to pλ =
1.143◦ (± 0.03◦) in all cases (cf. Table 5). This solution is based on the current
ephemerides and is in agreement with previous results 1.24◦±0.15◦ (Willner et al,
2010), 1.09◦ ± 0.09◦ (Oberst et al, 2014) as well as 0.8◦ ± 0.4 Duxbury (1989).
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The amplitude of 1.2◦, adopted by Jacobson and Lainey (2014) in the ephemeris
computation, falls in the 2σ range of our solution. The corresponding W0 term
for the prime meridian at J2000.0 is

W0 = 34.99648425◦ (pλ = 1.143◦) . (10)

We then repeated the first adjustment model with respect to the previous ephemeris
release MAR080 (Jacobson, 2008) and obtained pλ = 1.03◦ ± 0.024◦. The result
varies by 0.11◦, it agrees with the value that has been obtained by (Jacobson,
2010) and clearly shows the dependency on the orbit model. Contrary to the first
case a slight dependency on the a priori value of pλ can be noticed here, since the
results of adjustment 3) and 4) differ by 0.003 degree.

With the second model, the pole axis orientation and the forced libration were
obtained during a joint adjustment. To estimate the dependency of the resulting
pλ value on the a priori rotation model, here the IAU rotation model (Archinal
et al, 2011) was used together with MAR097 ephemerides (Jacobson and Lainey,
2014). The resulting forced libration amplitude pλ = 1.133◦ ± 0.024 is consistent
with the first result (pλ = 1.143◦ ± 0.0253). The difference of 0.01◦ is within the
error bounds of both solutions and relates to a small surface displacement of a few
meters. The result for α0 differs by σ = 0.015◦ from the current value of Stark
et al (2017) while δ0 only differs by 0.001◦. According to our result the assump-
tion, that Phobos’ rotational axis is indeed perpendicular to its orbit, is confirmed
with 2σ accuracy and strong confidence on the assumed mean declination. May
be a more accurate solution for α0 can be obtained, if constraints are put on the
selected rotational parameters which has not been tried here.

The obtained control point network (CPN) consists of 685 points with an
average intersection error of 13 m. This is well below the average pixel resolution
of all images (Table 3). The distribution of the control points with associated
intersection errors are shown in Figure 3. About 46 % of the control points have
errors of less than ± 10m while 49 % have an error which ranges between ± 10m
and ± 30m. Only about 5 % have a larger uncertainty than ± 30m. Compared
to the CPN obtained by Willner et al (2010) the new approach produced a CPN
solution with 20 more points and smaller intersection errors.

The derived 685 control points were triangulated, rendered and illuminated to
display the overall shape and major topographic features for visual control (Fig. 4).
The large Stickney crater on the western hemisphere (Fig. 4a) is well recognizable.

7 Summary and Conclusion

We have introduced a new block adjustment technique operating in inertial frame
coordinates, which allows to solve directly and effectively for rotational parameters.
Rotational parameters can be obtained significantly faster than in the traditional
method of scanning the parameter spectrum. Furthermore, a decoupling of the
spacecraft position and orientation from the orientation model of the observed
body is achieved as the functional model allows a change in the bodies rotation
without influencing the spacecraft’s exterior information.
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Fig. 3 Distribution of control points on Phobos (projected on the unit sphere) with forward
intersection errors, ranging from 10 m to 80 m. The majority of points (95 %) has errors below
30 m.

The method was tested with a synthetic data set that allowed full control of
the errors on all observed quantities. An adjustment starting with falsified infor-
mation converged reliably towards the expected values within very small formal
error margins (at the 0.0004◦ level). The defined topography could be successfully
reconstructed within the average pixel resolution up to pointing errors of ±0.9◦

and camera position errors of ±1200 m.
The method has been applied on a data set of Phobos image point observa-

tions. The (longitudinal) forced libration amplitude was determined to be 1.143◦

(± 0.025◦), based on the current ephemerides (Jacobson and Lainey, 2014) and ro-
tation model by Stark et al (2017). This is different to previous results but within
the reported error bars. Within this adjustment we also updated the correspond-
ing W0 term respecting the dependency of pλ and the prime meridian orientation
at the reference epoch – the new value is W0 = 34.99648425◦.

It was further demonstrated that the result of the libration amplitude depends
on the used ephemerides and on the consistency of orbit model and rotation model.
A difference of 0.11◦ between the current ephemerides Jacobson and Lainey (2014)
and the previous release Jacobson (2008) has been noticed which corresponds to a
displacement of about 30 m on the equator of Phobos. Using the former rotation
model for Phobos and current orbital model, the mean pole axis orientation could
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a Western hemisphere showing the craters
1) Todd, 2) Drunlo and 3) Stickney

b View centered at 180◦ (vertical) and
equator (horizontal)

c Northern hemisphere with four longitudes
(0◦, 90◦E, 180◦E, 90◦W )

d Southern hemisphere with four longi-
tudes (0◦, 90◦W, 180◦E, 90◦E)

Fig. 4 Reconstructed shape of Phobos from 685 control points, triangulated and rendered
with simulated light source. The four different perspectives are projections into fundamental
planes with the view centered at the third axis. +X contains the prime meridian, +Y 90◦ E
and +Z the northern +pole.

be improved in agreement with the current rotation model (Stark et al, 2017)
and the amplitude of the forced libration angle shows a difference of 0.01◦ w.r.t.
our main result. The difference in the amplitude relates to meter changes on the
surface and is not significant.

Dertermination of correlated rotation parameters within one adjustment re-
quires the introduction of a covariance matrix to model the correlations. This was
not required in order to determine the librational amplitude but is considered for
future works.



Inertial frame bundle block adjustment 17

8 Outlook

The implemented adjustment in the inertial reference frame has two prime char-
acteristics that distinguishes it from other implementations. For one it is possible
to solve for rotational parameters. Though not demonstrated in this work, theo-
retically it should be possible to solve also for the mean rotation rate, precession
period or acceleration. It has not been tried yet wether or not it is possible to
include all major rotation parameters together into the set of unknowns, but it
will be assessed in future. Secondly the implementation is optimized for very large
data sets (i.e. MESSENGERS Mercury observations) by making use of sparse ma-
trix and iterative inversion techniques (Burmeister, 2017). The rotation model of
a body is of great interest since it reveals interactions with other bodies and can
be used to infer its moments of inertia. Thus the rotational model provides further
constraints to the interior structure of a body.

Several missions collected a data base sufficient to apply the introduced ap-
proach. First of all, the data of the Rosetta mission which investigated Comet
67P/Churyumov-Gerasimenko, would be of great interest as a precession has been
confirmed already (Preusker et al, 2015) and other rotation effects might be de-
tectable. The DAWN mission would be another example with its visits to Vesta
and Ceres delivering enough data to apply the bundle adjustment in the inertial
space and to refine rotation models for the asteroid and dwarf planet.

Image data of the satellites of Saturn, obtained by Voyager and Cassini, also
provide a host of opportunities to study the rotational motion of bodies like Mi-
mas, Enceladus, and Epimetheus which are known to undergo forced librations
(Tiscareno et al, 2009; Tajeddine et al, 2014).
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