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A simple formalism is presented as a basis to analyse planar microwave
structures with uniaxial anisotropic materials having either electric
or magnetic anisotropy or both. It involves a generalised relation
of the field components of the multilayered structure, which can be
represented by a full-wave hybrid matrix for each layer. Thus, for
stratified structures, the system equation can be obtained by using a
full-wave equivalent circuit. The application is demonstrated by
analysing the well-known example of a two-layer waveguide filled
with different uniaxial anisotropic dielectric material.
Introduction: Anisotropic materials are widely used in the field of
microwave engineering and integrated optics. Because of the techno-
logical advancements, it is becoming more and more easy to produce
anisotropic films and substrates. Hence, there is also a need to better
characterise the anisotropic medium and to develop efficient techniques
to model the components.

Several numerical techniques and commercial software tools are
available to analyse planar microwave structures such as waveguides,
microstrip lines and antennas [1]. Also, significant work has been
done by several authors using different approaches for considering
anisotropy in the material [2–4]. In this Letter, the focus is on multi-
layered planar structures having numerous interfaces and arbitrarily
thin layers as given in [5] for the isotropic case. The most complicated
task while analysing is to set up the system matrix. It is possible
to derive the system equation or dyadic Green’s function by using a
full-wave equivalent circuit (FWEC), where each dielectric layer is
represented by a hybrid matrix, which relates all the tangential field
components at the interfaces (Fig. 1). The current sources represent
metallisations between the layers, and shorts or admittances are used
for closed or open top and bottom layers. This equivalent circuit
was already applied successfully for the analytical and numerical
analysis of waveguides and microstrip antennas in different coordinate
systems [6, 7].
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Fig. 1 Full-wave equivalent circuit of a general planar microwave structure
with stratified dielectric

This Letter now describes the derivation of the hybrid-matrix
elements for uniaxial anisotropic structures. The application of the
extended equivalent circuit is demonstrated by analysing a simple stra-
tified microwave structure like a waveguide. The results are compared
with those obtained with commercial software.

Analysis: To characterise the anisotropic medium, the analysis starts
from permittivity (¯̄1) and permeability ( ¯̄m) tensor with optic axis in
the z-direction

¯̄1 =
1x 0 0
0 1x 0
0 0 1z

⎡⎣ ⎤⎦, ¯̄m =
mx 0 0
0 mx 0
0 0 mz

⎡⎣ ⎤⎦. (1)

Maxwell’s equations in the space–frequency domain and for a source-
free and homogeneous medium are given in their differential form by

∇ × E(x, y, z) = −jvm0
¯̄m ·H(x, y, z), (2a)

∇ ×H(x, y, z) = jv10¯̄1 · E(x, y, z), (2b)

where E and H are electric and magnetic field vectors, v is the angular
frequency, m0 is the free-space permeability and 10 is the free-space per-
mittivity. To simplify the analysis, space variables are normalised by
the free space wave number k0, and h0H is replaced by H, where
h0 =
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√
, is the intrinsic impedance of the free space. So in

the extended form, Faraday’s law (2a) and Ampere’s law (2b) give
the field relations as
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As the optical axis is in the z-direction, we can take Ez and Hz as two
independent field components. Therefore, on rearranging (3), the other
field components can be calculated using the relation
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Similarly, for the case of the optic axis in the x- or y-direction, the inde-
pendent field components will be Ex, Hx and Ey, Hy, respectively. The
whole analysis procedure will be same as shown here for the case of
the z optical axis.

Now consider a stratified dielectric in the z-direction. The source-free
wave equation can be written as

∂2

∂x2
+ ∂2

∂y2
+ ∂2

∂z2
+ K2

( )
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where c represents two independent field components, i.e. Ez, Hz.
Transforming (5) into spectral domain leads to the ordinary differential
equation
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( )
c̃ = 0 (6)

with k2z = k2x − k2 − k2y

( )
. In contrast to isotropic media, it must be taken

into account, that in the uniaxial anisotropic case the propagation constant
k has two roots. One represents TE waves (ordinary waves) and the other
represents TM waves (extraordinary waves). Therefore, the dispersion
relation for the Ez (TM mode) and Hz (TE mode) is obtained as
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respectively with ks =
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√
. Then the solution of (6) within an arbi-

trary layer k can be written in the form

Ẽzk = Aekzez + Be−kzez and H̃z = Cekzhz + De−kzhz (8)

Depending on the roots for Ez andHz, the transverse field components can
be written in spectral domain as
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On using (8) and (9), the transverse field components can be rewritten as
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Now to obtain the relation between the fields at the interfaces k − 1 and k
bounding the layer k, we write
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Ẽy

[ ]
, H̃k =

H̃y

H̃x

[ ]
, F̃ =

Ak

Bk

Ck

Dk

⎡⎢⎢⎣
⎤⎥⎥⎦, (11)
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On eliminating the unknown vector F from (12), the relation for the field
components at the interfaces of the layer k with normalised thickness dk
can be written as

Ẽk−1

H̃k−1

[ ]
= K̃k

Ẽk

H̃k

[ ]
, (13)

with the hybrid matrix

K̃k = M̃k−1 · M̃−1
k = Ṽk Z̃k

Ỹk B̃k

[ ]
. (14)

Multiple layers can be taken into account by simple matrix multiplication.
After applying the theory of FWEC, the dyadic Green’s function can

be found in the spectral domain. The system equation can be written in
the form

G̃ · J̃ = Ẽ, (15)

where G̃ represents the dyadic Green’s function and J̃ and Ẽ represent
electric current density and electric field in the interfaces, respectively.

By using simple network analysis technique, we can get the admit-
tance of the system Ỹ (or G̃−1) [5].

Application: To validate this approach, a two-layer waveguide filled
with anisotropic dielectric material stratified in the z-direction is ana-
lysed. The basic geometry (with a = 12.7 mm, d1 = 0.1a, d2 = 0.9a,
1r1 = (9.4, 9.4, 11.6), 1r2 = 1) and the propagation constant ky for the
five lowest-order modes of the waveguide as a function of frequency
are shown in Fig. 2. Fig. 3 gives the corresponding equivalent circuit
from which the system equation is simply obtained as [5]

Ỹ · Ẽ = 0, where Ỹ = Z̃−1
1 Ṽ1 + B̃2Z̃

−1
2 . (16)
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Fig. 2 Dispersion curve for the five lowest order modes of a two-layer
waveguide (enclosed by ideal conductors) filled with anisotropic material
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Fig. 3 Equivalent circuit for a two-layer waveguide

The propagation constant can be found by solving the indirect
eigenvalue problem, i.e. det(Ỹ) = 0. Fig. 2 also depicts the comparison
between the results obtained from our code using FWEC and the com-
mercial software Ansys HFSS. A very good agreement is obtained; the
difference between both results is found to be ≃ 0.2%.

Conclusion: Based on the Fourier transformation of electromagnetic
field components, a new formulation of the tangential field relations
on the interfaces of stratified anisotropic planar microwave structures
in has been presented. Other microwave structures such as striplines
and microstrip antennas can also be analysed using this FWEC with suit-
able numerical methods, where the dyadic Green’s function is required.
This formalism reduces the procedure to set up the system equation to
simple circuit analysis and matrix multiplications.
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